We elaborate further on the metric representation that is obtained by transferring the time-dependence from a Hermitian Hamiltonian to the metric operator in a related non-Hermitian system. We provide further insight into the procedure on how to employ the time-dependent Dyson relation and the quasi-Hermiticity relation to solve time-dependent Hermitian Hamiltonian systems. By solving both equations separately we argue here that it is in general easier to solve the former. We solve the mutually related time-dependent Schrödinger equation for a Hermitian and non-Hermitian spin 1/2, 1 and 3/2 model with time-independent and time-dependent metric, respectively. In all models the overdetermined coupled system of equations for the Dyson map can be decoupled algebraic manipulations and reduces to simple linear differential equations and an equation that can be converted into the nonlinear Ermakov-Pinney equation.
Introduction
Standard quantum mechanics allows for many equivalent variants to describe the same physical observables. The well-known reason for this is that expectation values are computed from ambiguous quantities in which the individual components can be modified while the overall expression for the expectation values are left unchanged. Gauge transformations are prominent examples for such possible alterations. For time-dependent situations the well known equivalence between the Schrödinger and the Heisenberg picture allows to change from time-dependent states and time-independent operators to time-independent states and time-dependent operators, respectively. Recently we [1] argued that in timedependent PT -symmetric/quasi-Hermitian systems [2, 3, 4] another variant is possible in which the time-dependence is transferred from observables to metric operators. We will refer to the former as the observable operator representation and the latter as the metric representation by indicating the time-dependent object in the name of the representation. These physically equivalent representations are made possible in this setting as it always involves non-trivial metric operators on the non-Hermitian side.
In [1] we demonstrated that the time-dependent Schrödinger equation (TDSE) for a time-dependent Hermitian Hamiltonian, h(t) = h † (t), and the easier TDSE for a timeindependent Hermitian Hamiltonian, H = H † , h(t)φ(t) = i ∂ t φ(t), and HΨ(t) = i ∂ t Ψ(t) (1.1) may be treated equivalently. In the proposed scenario the Hermitian system is governed by a time-dependent Hamiltonian h(t) and a standard time-independent metric operator I, i.e. the unit operator, whereas the non-Hermitian system is characterized by the timeindependent Hamiltonian H and a non-standard time-dependent metric operator ρ(t). The associated inner products in both systems are equivalent in the sense that φ(t) |Iφ(t) = Ψ(t) |ρ(t)Ψ(t) , (1.2) where the two wave functions φ(t) and Ψ(t), solving the respective equation in (1.1), are connected by the time-dependent invertible Dyson operator η(t) as φ(t) = η(t)Ψ(t).
( 1.3)
The metric operator in (1.2) and the Dyson operator in (1.3) are simply related as ρ(t) := η † (t)η(t). Thus in this picture the time-dependence has been moved from the Hamiltonian in the Hermitian system to the metric operator in the non-Hermitian system. There are two central equations that serve to determine the quantities involved in the equations above. The first one, the time-dependent quasi-Hermiticity relation 4) results by demanding that the time-evolution is unitary, that is the expectation values in (1.2) are preserved in time. Setting the time derivative of (1.2) to zero and using the TDSE (1.1) leads to (1.4) . The second equations, the time-dependent Dyson relation
is obtained by substituting (1.3) into (1.1). It was noted some time ago [5, 6, 7, 8, 9] that as a consequence of the Dyson relation (1.5) the Hamiltonian satisfying the TDSE (1.1) is not observable 1 , since observables O in the non-Hermitian system need to be quasi-Hermitian, meaning they have to be related to a corresponding observable o, i.e. a self-adjoint operator, in the Hermitian system as o(t) = η(t)O(t)η −1 (t). The non-observability is also a feature when the Hamiltonian is explicitly time-dependent, i.e. even for H → H(t). Furthermore, this implies that H is not the operator that characterizes the energy but instead the operator
that does not satisfy the TDSE, and is therefore by definition not a Hamiltonian, is the energy operator in the non-Hermitian system. The relation between the expectation values in the different systems is easily verified to be
supporting the above statement. As demonstrated in [1] unitary time-evolution operators u(t, t ′ ) and U (t, t ′ ) that evolves a state as φ(t) = u(t, t ′ )φ(t ′ ) or Ψ(t) = U (t, t ′ )Ψ(t ′ ), respectively, from a time t ′ to t may also be constructed when φ(t) and Ψ(t) have been obtained.
Since the equations (1.4) and (1.5) describe highly overdetermined systems it is a priori not evident whether they possess any solutions at all and if they do whether they are meaningful. Remarkably such solutions do exist and can be found as was demonstrated for time-dependent [9, 11] and time-independent Hamiltonians [1] . Here we provide further solutions, focussing on the limitations and in particular on the different solution procedures. In [1] we pursued the following process: Starting from a given a non-Hermitian Hamiltonian H we solved the time-dependent quasi-Hermiticity relation (1.5) first, which seems most natural as it only involves one unknown quantity, namely ρ(t). Assuming the Dyson operator η(t) to be Hermitian, it can in principle be computed from ρ(t) by taking its square root. Subsequently one may compute the Hermitian counterpart h(t) by direct evaluation of the right hand side of the time-dependent Dyson relation (1.5). As we will demonstrate in more detail below, taking the square root in this case can be rather awkward and to avoid this step we pursue here a different approach by solving the time-dependent Dyson relation first. As we will see, this is more efficient, but evidently requires some initial guess about the structure of the Hermitian Hamiltonian.
The models we consider here are slightly modified versions of the lattice Yang-Lee model [12, 13] 
where we allow for higher spin representations for the matrices S x j , S y j , S z j at cite j labelled by s. Our model parameters are ω, γ ∈ R and the constants c x , c y , c ω are conveniently adjusted for the particular representations. Here we will consider the one-site models and attempt, in analogy to the study in [1] , to map the non-Hermitian Hamiltonians to Hermitian Hamiltonians of the form
where initially χ(t) is an arbitrary unknown function of t. It turns out that in all spin models considered the time-dependent function χ(t) is restricted to obey an equation that can be converted easily into the nonlinear Ermakov-Pinney equation.
The simplest version of H s N is the one-site spin 1/2 model. Taking the matrices S x j , S y j , S z j simply to be the standard Pauli spin matrices σ x j , σ y j , σ z j and adjusting the constants c x = c y = 1, c ω = 1/3, the Hamiltonian (1.8) acquires the form
The corresponding TDSE (1.1) is easily solved by
where φ := 1 − γ 2 . Thus, this model exhibits the typical feature for PT -symmetric/quasiHermitian systems [3, 4] that despite being described by a non-Hermitian Hamiltonian there exists a range for the model parameters, in this case |γ| ≤ 1, for which the eigenvalue spectrum is real. Next we will solve the time-dependent Dyson relation (1.5) and the timedependent quasi-Hermiticity relation (1.4) in more detail and compare the advantages of one approach over the other.
Solutions of the time-dependent quasi Hermiticity relation
Assuming the time-dependent metric operator to be Hermitian we take it to be in the most generic form
3) with unknown real functions ρ i , i = 1, . . . , 4. Substituting this Ansatz into (1.4) and reading off the real and imaginary parts in each matrix entry yields the four constraining first order differential equationṡ
As common we adopt the convention to indicate derivatives with respect to time by an overdot. The general solution to these equations is easily obtained as
where we abbreviate Γ y x := x sin(φt) + y cos(φt) and introduced the real integration constants b 1 , b 2 , b 3 , b 4 . To find (2.5) we just need to solve a harmonic oscillator equation obtained from computingρ 2 and the subsequent use the expressions forρ 1 ,ρ 4 . Once ρ 2 is known the remaining integrals are simply of first order.
In principle, we can take now the square root by diagonalizing ρ first as ρ = U DU −1 and subsequently computing √ ρ = U D 1/2 U −1 . This is indeed feasible as shown in [1] , but even for simple 2× 2-matrices it involves relatively lengthy expressions and requires specific choices for the constants in order to guarantee that the eigenvalues are all real. This is also the case for the model considered here as seen from the determinant of ρ
Evidently this expression might become negative, so that at least one of the two eigenvalues of ρ would be negative and even for choices for which det ρ > 0 we may have two negative eigenvalues. We will not carry out this step here, but instead follow an easier way to find η from (1.5) and compare thereafter with the solution (2.5).
Solutions of the time-dependent Dyson relation
In order to solve the time-dependent Dyson relation we need to make some pre-assumptions about the Hermitian Hamiltonian h(t) and the map η(t). We take h(t) to be of the form as specified in (1.9) with S z = σ z and assume η(t) to be of the most generic Hermitian form
Taking this Ansatz into (1.5) leads to seven different constraining equationṡ
Even though this system of equations is overdetermined, it can be solved by
with one integration constant c 1 ∈ R provided that the function χ satisfies the second order nonlinear differential equationχ
Using the variable transformation χ = 2/σ 2 this equation is converted into the ErmakovPinney equation [14, 15] σ 11) which is ubiquitous in the context of the TDSE, e.g. [16, 17, 18, 19, 20, 21] , and also some quantization schemes [22, 23] . The general solution to this equation is known to be 
the two solutions become identical. Evidently these constants could not have been guessed in the approach of the previous subsection. With these values the determinant becomes 15) which is positive for |γ| ≤ 1. From the above it is clear that it is far easier to solve (1.5) directly, as it can essentially be reduced to some algebraic manipulations, a simple integration and the Ermakov-Pinney equation for which the general solution is known.
We have now obtained all the ingredients to compute the solution to the TDSE for the Hermitian system from (1.3). Assembling our results we obtain from φ ± (t) = √ N ± η(t)Ψ ± (t) the normalized eigenvectors
with normalization factors
Form this we compute the expectation values
18) 19) which confirm that the time-evolution is indeed unitary. We also confirm the validity of the relation for the energy expectations (1.7) by computing
(2.20) While we found some explicit solutions, this example also demonstrates that one can not map to any arbitrary given target Hamiltonian, as χ(t) is restricted by the nonlinear equation (2.10).
Increasing the dimension of the spin representation poses a more difficult challenge, but as we will see many of the features we observed for the spin 1/2 model will survive. Let us next consider a generalization of the previous model to a spin 1 model where the matrices S x j , S y j , S z j in (1.8) are taken to be the standard 3 × 3-spin 1 matrices
Choosing the constants c x , c y , c ω conveniently this Hamiltonian simplifies for N = 1 to
The corresponding TDSE (1.1) is solved by
whereφ := (1 − γ 2 )/2. Once again in the parameter region |γ| ≤ 1 the non-Hermitian Hamiltonian (3.2) possesses a real eigenvalue spectrum. Next we solve (1.4) and (1.5).
Solutions of the time-dependent quasi Hermiticity relation
Assuming the time-dependent metric operator to be Hermitian we substitute the most generic Ansatz
into the time-dependent quasi Hermiticity relation (1.4) obtaining in principle 18 equation for the nine real functions ρ i (t), i = 1, . . . , 9. Excluding vanishing and related ones we are left with nine equationṡ
Once again as in the spin 1/2 case we have as many equations as unknown functions and it is straightforward to solve these equations, as substitutions lead to simple integrals. We find the solutions
with nine integration constants b i , i = 1, . . . , 9. We abbreviatedΓ y x := x sin(φt) + y cos(φt) andΓ y x := x sin(2φt) + y cos(2φt). For this solution it is even less evident to chose suitable constants and simplifying choices by setting some of the b i to zero usually yield negative eigenvalues for ρ. Thus we will not compute the root, but return to this solution below for comparison.
Solutions of the time-dependent Dyson relation
Instead we solve the time-dependent Dyson equation (1.5). We assume a similar form for our Hermitian target Hamiltonian as in (1.9) and take S z to be a spin 1 matrix, denote χ = X and take η(t) to be of the Hermitian form
Substituting these expressions into the time-dependent Dyson equation (1.5) yields in principle 18 equation for the real functions η i (t), i = 1, . . . , 9. We obtaiṅ
Unlike the system of equations for the metric operator this set is overdetermined. Nonetheless, they may be solved by
where X(t) is restricted to obey the second order non-linear differential equation
This equations closely resembles (2.10) and we can once more transform it to the ErmakovPinney equation (2.11) with σ →σ, φ →φ by using X = 4/σ 2 in this case. Following the same steps of the previous subsection we obtain the general solution for (3.11) as
Again we compute η 2 and compare the result with ρ from the previous subsection. Identifying the constants as
the two solutions coincide. This demonstrates once more why simple choices for the constants c i did not yield meaningful solutions for η. Using the values (3.13) we compute the determinant 14) which is positive for the parameter range of interest.
Having computed the Dyson map and the solution to the TDSE for H we obtain the solution for the TDSE involving h(t) from (1.3)
(3.15) As in the previous section we can use these expressions to confirm that the time-evolution is unitary and also verify (1.7) .
A solvable equivalence pair of spin 3/2 models
Finally we also consider a spin 3/2 model and take the matrices S x j , S y j , S z j in (1.8) to be
1) at cite j. Choosing the constants c x , c y , c ω conveniently, for N = 1 this Hamiltonian simplifies to
The corresponding TDSE (1.1) is solved to
(4.3) whereφ := 1 − γ 2 /6. The eigenvalue spectrum is real for the same parameter range as in the previous subsections.
Here we will only solve the time-dependent Dyson equation (1.5) to see whether the features of the spin 1/2 and spin 1 models are also present in this model. We assume a similar form for our Hermitian target Hamiltonian as in (1.9), denote χ = Ξ and take η(t) to be of the Hermitian form
Substituting these expressions into the time-dependent Dyson equation (1.5) yields in principle 32 equation for the η i (t), i = 1, . . . , 16. Once again the system is highly overdetermined, but remarkably it can be solved similarly as in the previous sections. Here we only present the solutions to these equations. We find
where Ξ(t) has to obey the second order non-linear differential equation
As in the previous subsection we can transform it to the Ermakov-Pinney equation (2.11) with σ →σ, φ →φ using Ξ = 4/σ 2 in this case and therefore we have Computing from this ρ = η 2 , we evaluate the determinant to det ρ = 6 6 (1 − γ) 6 c 8
1
(1 + γ) 18 (1 + c which is always positive for the parameter range of interest. Naturally (1.3) yields once more the soltution to the TDSE for h(t).
Conclusions
We have demonstrated that metric representations lead to consistent descriptions equivalent to the operator representation by providing further solutions to the time-dependent quasi Hermiticity relation (1.4) and the time-dependent Dyson relation (1.5). For the spin models we considered here we observed that the determining relation for the metric operator (1.4) converts into as many equations as unknown functions. The equations are easily decoupled and integrated to determine the metric operator. However, the diagonalization needed in order to take the square root is usually and moreover requires specific choices for the constants involved to ensure the all eigenvalues are positive. As we have demonstrated simple choices are usually not evident or do not even exist. In order to bypass this step we pursued what turned out to be an easier approach and solved the time-dependent Dyson relation (1.5) instead. Assuming a general form for the Hermitian Hamiltonian in (1.5) converts it into an overdetermined set of equations for the components of the Dyson map.
Remarkably these equations can be decoupled and solved by simple integrations for the components of η. The time-dependent equation occurring in the Hermitian Hamiltonian is restricted by a nonlinear equation that can be converted into the Ermakov-Pinney equation. This feature was observed in all three spin models considered here and based on this observation we conjecture that it might be universal and will hold for all higher spin representations.
Evidently there are many interesting open problems left for future research, such as a more extensive treatment of systems with explicitly time-dependent non-Hermitian Hamiltonian and with regard to the spin models more sites pose a natural challenge.
